
 

19 

Chall. Nano Micro Scale Sci. Tech., 10(2): 19-32, Summer and Autumn 2022 

DOI: 10.22111/cnmst.2024.44828.1233 

 

 
Free Vibrations Analysis of Cracked Micro Cantilever Beams Based on the 

Modified Strain Gradient Theory 

Abbas Rahi 1, Behzad Heidarpour2 

1* Associate Professor, Faculty of Mechanical and Energy Engineering, Shahid Beheshti University, Tehran, Iran 

2 Ph.D. Candidate, Faculty of Mechanical and Energy Engineering, Shahid Beheshti University, Tehran, Iran 

 

ABSTRACT: This paper explores the lateral vibration behavior of a micro cantilever beam with an open edge crack under axial load 

using the modified strain gradient theory (MSGT). A concentrated mass, incorporating its rotational inertia, is positioned at the beam's 

free end. The open edge crack is represented using the Dirac delta function. By employing MSGT, Hamilton's principle, and the Dirac 

delta function, the governing equations for system motion and relevant boundary conditions are derived to examine the size-dependence 

effects. Analytical solutions for the first and second natural frequencies of the cracked cantilever beam are provided, validated through 

finite element modeling. The study further investigates the impact of various system parameters, including material length scale 

parameters, crack depth, crack location, cantilever beam length, axial load, and the presence of the concentrated mass, on the natural 

frequencies. The findings demonstrate that the crack depth, crack location, and material length scale parameters considerably influence 

the lateral vibration characteristics of the system. Notably, increasing the values of 𝑙𝑖/ℎ from 0 to 0.25 leads to an approximate 40% rise 

in the natural frequency. 
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INTRODUCTION
Micro beams are one of the most commonly importance 

elements which are used in field of the micro-electro-

mechanical systems (MEMS) such as sensors (Pei et al., 

2004 [1]; Lun et al., 2006 [2]; McMahan et al., 2004, [3]), 

micro switches (Hua et al., 2007, [4]; Coutu et al., 2004, [5]), 

micro actuators (Rezazadeh et al., 2006 [6]; Moghimi-Zand 

and Ahmadian, 2009 [7]; Hu et al., 2004 [8]; Mojahedi et al., 

2010 [9]; Abdel-Rahman et al., 2002 [10]), and atomic force 

microscopes (Mahdavi et al., 2008 [11]; Chang et al., 2008 

[12]; Turner and Wiehn, 2001 [13]; Lee and Chang, 2008 

[14]). Several researchers show that the classical continuum 

mechanics theory is incapable of explanation and prediction 

of the static and dynamic behaviors of small size structures 

such as micro beams (Lam and Chong, 1999 [15]; Fleck et 

al., 1994 [16]; lam et al., 2003 [17]; Chong and Lam, 1999 

[18]). In other words, the important subject in the study of 

mechanical behaviors of the micro structures which are used 

in the micro devices is consideration of the size dependency.  

In recent years, to capture of the size dependency in the 

mechanical behaviors of micro size structures, some non-

classical continuum theories such as nonlocal elasticity 

theory, couple stress theory, strain gradient theory, and 

surface elasticity theory have been presented by investigators 

(Eringen, 1972 [19]; Mindlin and Tiersten, 1962 [20]; Yang 

et al., 2002 [21]; Lam et al., 2003 [17]; Gurtin and Murdoch, 

1978 [22]). 

The couple stress theory offered by Mindlin and Tiersten, 

1962 [20] as a non-classical continuum theory to consider 
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the size dependency effect with using from two material 

length scale parameters. Then, Yang et al., 2002 [21] 

suggested the modified couple stress theory (MCST) based 

on using one material length scale parameter to capture the 

size effect.  

Mindlin, 1965 [23] and Mindlin and Eshel (1968) [24] 

presented a higher-order continuum of the strain gradient 

elasticity theory by using the first and second gradients of the 

strain to consider the size effect in small scale structures. 

Fleck and Hutchinson (1993) [25] reformulated the 

Mindlin’s theory and called it the strain gradient theory 

(SGT).  After that, the modified strain gradient theory 

(MSGT) proposed by Lam et al. (2003) [17], to consider the 

size dependency in materials mechanical behavior using 

three constants of material length scale parameters. It is 

noted that the MCST is a special case of the MSGT which 

can be obtained by letting two first constants of material 

length scale parameters in the MSGT to equal zero. Park and 

Gao, 2006 [26]; Ma et al., 2008 [27]; Liang et al., 2015 [28]; 

Asghari et al., 2011 [29]; Ghiasi, 2016 [30]; and Dai et al., 

2015 [31] studied static or dynamic behaviors of Micro/Nano 

beams based on the MCST to capture the size dependency. 

Also, several researchers such as Şimşek et al., 2017 [32]; 

Askari and Tahani, 2017 [33]; Alinaghizadeh et al., 2017 

[34]; Guo et al., 2017 [35]; and He et al., 2017 [36] 

investigated mechanical behaviors of micro plates based on 

the MCST.  
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Inasmuch, The SGT or the MSGT have been also 

employed as a fundamental formulation to consider the size 

effect in mechanical behaviors of micro beams (Vatankhah 

et al., 2013 [37]; Kahrobaiyan et al., 2011 [38]; Kahrobaiyan 

et al., 2013 [39]; Joseph et al., 2017 [40]; Ansari et al., 2016 

[41]), and microplates (Mirsalehi et al., 2016 [42]; Ansari et 

al., 2014 [43]). 

In the other hand, limited numbers of investigators 

studied the vibrational behaviors of cracked micro beams. 

Micro beams are susceptible to cracks and defects due to 

factors such as initial material imperfections, fabrication 

processes, fatigue, and stress concentration. When a crack 

occurs, it leads to a reduction in local stiffness within the 

beam. As a consequence, the vibration characteristics, 

bending behavior, and overall performance of the structure 

undergo significant changes. Consequently, the investigation 

of cracked structures has emerged as a highly important area 

of research.  

Several researchers have made notable contributions to 

the understanding of cracked micro structures. For instance, 

Loya et al. (2009) [44] and Tadi Beni et al. (2015) [45] 

focused on exploring the transverse vibrations of cracked 

nano-beams. Loya et al. employed a linear torsion spring 

based on the nonlocal elasticity theory, while Tadi Beni et al. 

utilized the modified couple stress theory. Hasheminejad et 

al. (2011) [46] and Wang and Baolin Wang (2013) [47] 

conducted studies on the lateral vibrations of cracked nano-

beams, incorporating surface effects modeling and surface 

energy theory, respectively. They also employed a linear 

torsion spring to model the crack. Torabi and Nafar 

Dastgerdi (2012) [48] investigated the vibration analysis of 

cracked nano-beams using Eringen's nonlocal elasticity 

model and Timoshenko beam theory, employing a torsion 

spring model. Furthermore, Liu et al. (2013) [49] explored 

the vibration response of cracked micro cantilever beams, 

considering the influence of electrostatic force through a 

concentrated torsion spring. Akbas (2017) [50], using the 

finite element method, investigated the vibrations behavior 

of open-edge cracked FGM cantilever micro beams based on 

the Mass Conserving Spring Theory (MCST). Khorshidi 

(2017) [51] delved into the buckling behavior of cracked 

nano-beams, utilizing the nonlocal elasticity theory and 

employing a torsion spring model for the crack. Esen et al. 

(2021) [52] investigated the vibrational behavior of a 

functionally graded (FG) cracked microbeam placed on an 

elastic base and subjected to thermal and magnetic fields. 

They modeled the crack as a rotating spring and connected 

two parts of the microbeam at the crack position. Also, they 

used the theory of non-local elasticity in order to apply the 

size effect. The results of their study show that the presence 

of cracks reduces the frequency of the system. Hossein 

Darban et al. (2022) [53] formulated a non-local model to 

study the size-dependent free transverse vibrations of 

nanobeams with arbitrary number of cracks. They modeled 

the crack effect by creating a discontinuity in slope and 

transverse displacement in the cracked section, proportional 

to the bending moment and the shear force transferred from 

it. They defined the kinematic field based on the Bernoulli-

Euler beam theory and considered the small size effect using 

the constitutive equation of the stress-based non-local 

tension theory.   

The crack was modeled using a massless elastic torsion 

spring, adhering to the classical cracked-beam theory.  

By extensively studying the lateral vibration behavior of 

cracked micro cantilever beams, we can uncover numerous 

practical applications and implications. Some notable 

aspects include: 

• Advancing Engineering Solutions: Understanding the 

lateral vibration behavior of cracked micro cantilever 

beams is pivotal in optimizing the design and 

performance of microelectromechanical systems 

(MEMS), nanotechnology applications, and sensor 

devices. This research aids in improving the reliability, 

efficiency, and functionality of these systems. 

• Enhanced Device Performance: Cracks significantly 

impact the performance of micro cantilever beams. 

Analyzing their lateral vibration behavior provides 

valuable knowledge for predicting and mitigating 

performance degradation. It enables engineers to 

optimize the dynamic response, stability, and durability 

of micro-scale devices. 

•  Building on Existing Research: The collective works of 

researchers mentioned above form the foundation for 

further exploration. By expanding on the existing 

research, we can deepen our understanding of crack-

related phenomena, develop more accurate models, and 

refine methodologies for predicting and analyzing the 

lateral vibration behavior of micro-scale structures. 

In summary, studying the lateral vibration behavior of 

cracked micro cantilever beams holds great significance for 

practical applications, structural analysis, and advancing 

scientific knowledge. The findings from these investigations 

contribute to the development of robust micro-scale systems, 

ensuring their reliability, safety, and superior performance. 

In the present study, lateral vibrations behavior of a 

cracked micro cantilever beam with an open edge crack and 

subjected to an axial load is investigated based on the MSGT. 

The crack is modeled by Dirac delta function to the reduction 

of the local stiffness of the micro beam in the location of the 

crack. The governing equations of motion and the associated 

boundary conditions are obtained based on the MSGT and 

using Hamilton’s principle and Dirac delta function. Then, 

to obtain analytically of natural frequencies of the system, 

the assumed modes method is used to transform the 

governing equations into a set of infinite ordinary differential 

equations. Finally, variation of first and second natural 

frequencies of the cracked micro cantilever beam are 

investigated with respect to the different values of the system 

parameters such as crack depth, crack location, length of the 

micro cantilever beam, material length scale parameters 𝑙0,
𝑙1,  𝑙2, axial load, concentrated mass and its rotary inertia 

values based on the MSGT.  
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Theory and Mathematical Formulation  

Modeling of the System  

Figure 1 shows a schematic view of a cracked micro 

cantilever elastic beam subjected to an axial load. The 

concentrated mass 𝑀, with mass moment of inertia 𝐼𝑀, is 

mounted on end free of the micro beam. The micro elastic 

beam has width 𝑏, height ℎ, length 𝐿, cross section 𝐴, density 

𝜌, and second moment of cross-section area 𝐼𝑏 . Also, the 

open edge crack with depth 𝑎 which located at a distance 𝐿𝑐 

from the left end, the coordinate system X-Y-Z, the axial 

load 𝑃, and the concentrated mass 𝑀, have been shown in 

Fig. 1

 

 

Fig. 1. Modeling of a cracked micro cantilever beam subjected to an axial load  𝑷 with an open edge crack at location 𝑳𝒄 

The Modified Strain Gradient Theory 

To overcome the limitations of classical continuum theories, 

size-dependent continuum theories have been developed and 

applied to analyze microstructures. These include nonlocal 

elasticity, modified nonlocal elasticity, couple stress, 

modified couple stress, surface elasticity, and strain gradient. 

The nonlocal elasticity theory leads to stiffness-softening 

mechanisms, while the strain gradient elasticity theory 

results in stiffness hardening. 

One well-known theory proposed by Mindlin, which 

considers all components of higher-order deformation, is 

widely used in microstructure studies. However, its 

application in engineering practices is challenging due to its 

reliance on five MLSPs. 

To address this difficulty, Lam et al.  proposed the 

modified strain gradient theory by reducing two MLSPs. 

This theory, based on the symmetric condition of the couple-

stress tensor equilibrium equation, has been utilized in 

several studies involving micro/nanobeams and 

micro/nanoplates (Thai et al., 2020 [54]). Based on the 

modified strain gradient theory, the strain energy density of 

an isotropic elastic material can be obtained as follows (Lam 

et al., 2003 [17]) 

𝜋0 =
1

2
𝜎𝑖𝑗𝜀𝑖𝑗 +

1

2
𝑝𝑖  𝛾𝑖 +

1

2
𝜏𝑖𝑗𝑘

(1)
 𝜂𝑖𝑗𝑘

(1)
+

1

2
𝑚𝑖𝑗

𝑠  𝜒𝑖𝑗
𝑠  (1) 

where 

𝜀𝑖𝑗 =
1

2
 (𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) (2) 

 𝛾𝑖 = 𝜀𝑚𝑚,𝑖   (3) 

𝜂𝑖𝑗𝑘
(1)

=
1

3
 (𝜀𝑖𝑗,𝑘 + 𝜀𝑗𝑘,𝑖 + 𝜀𝑘𝑖,𝑗)

−
1

15
 𝛿𝑖𝑗(𝜀𝑚𝑚,𝑘 + 2𝜀𝑚𝑘,𝑚)

−
1

15
[𝛿𝑗𝑘(𝜀𝑚𝑚,𝑖 + 2𝜀𝑚𝑖,𝑚)

+ 𝛿𝑘𝑖(𝜀𝑚𝑚,𝑗 + 2𝜀𝑚𝑗,𝑚)]  

(4) 

𝜒𝑖𝑗
𝑠 =

1

2
(𝜃𝑖,𝑗 + 𝜃𝑗,𝑖) (5) 

𝜃𝑖 =
1

2
𝜖𝑖𝑗𝑘  𝑢𝑘,𝑗 (6) 

where 𝜀𝑖𝑗 is components of the strain tensor,  𝛾𝑖 is 

components of the dilatation gradient vector, 𝜂𝑖𝑗𝑘
(1)

 is 

components of the deviatoric stretch gradient tensor, 𝜒𝑖𝑗
𝑠  is 

symmetric part of the rotation gradient tensor, 𝑢𝑖 is 

components of the displacement vector, 𝜃𝑖 is components of 

the infinitesimal rotation vector, and 𝜖𝑖𝑗𝑘 is permutation 

symbol. 

In addition, for a linear isotropic elastic material, the 

components of the corresponding work-conjugated stress 

tensors can be expressed as follows (Lam et al., 2003 [17]) 

𝜎𝑖𝑗 = 2𝜇𝜀𝑖𝑗 + 𝜆𝜀𝑘𝑘𝛿𝑖𝑗 (7) 

𝑝𝑖 =  2𝜇𝑙0
2 𝛾𝑖 (8) 

𝜏𝑖𝑗𝑘
(1)

 = 2𝜇𝑙1
2 𝜂𝑖𝑗𝑘

(1)
 (9) 

𝑚𝑖𝑗
𝑠 = 2𝜇𝑙2

2 𝜒𝑖𝑗
𝑠  (10) 

where 𝜎𝑖𝑗 is Cauchy force stress tensor, 𝑝𝑖𝑗  and 𝜏𝑖𝑗𝑘
(1)

 are 

higher-order material stress tensors, and 𝑚𝑖𝑗
𝑠  is couple stress 

tensor. Also, the parameters 𝜆, 𝜇 and 𝑙𝑖  (𝑖 = 0, 1, 2) are 

called the Lame constants and the material length scale 

X 

Z 

P 

𝑀 , 𝐼𝑀 𝐿𝑐 

L 
𝑏 

ℎ 

Z 

Y 
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parameters of the micro beam, respectively. The Lame 

constants 𝜆 and 𝜇 can also be determined with respect to 

Young's modulus 𝐸 and the Poisson's ratio 𝜗 as 𝜆 =
𝜗𝐸/(1 + 𝜗)(1 − 2𝜗) and 𝜇 = 𝐸/2(1 + 𝜗), respectively. 

Governing Equations 

The governing equations of motion and corresponding 

boundary conditions of a cracked micro cantilever beam 

based on the MSGT with using Dirac delta function are 

derived in this section. According to Fig. 1, with 

consideration of the Euler-Bernoulli beam theory, if the 𝑢1, 

𝑢2 and 𝑢3 denote the components of displacement vector 

along the x, y, and z axes, respectively, the displacement 

field in the linear-elastic micro beam can be written as 

follows 

𝑢1 = 𝑢(𝑥,𝑡) − 𝑧
𝜕𝑤(𝑥,𝑡)

𝜕𝑥
 , 𝑢2 = 0  ,  𝑢3 = 𝑤(𝑥,𝑡) (11) 

where 𝑢(𝑥, 𝑡) and 𝑤(𝑥, 𝑡) are the axial displacement and 

the lateral deflection of the midline of the micro cantilever 

beam at any point 𝑥 along the length of the micro beam in 

the x and z directions, respectively. Also, the  
𝜕𝑤

𝜕𝑥
 stands for 

the angle of rotation about y-axis of the micro beam cross-

section.  

It is noted that the parameter z presents the distance of a 

point on the micro beam section with respect to the axis 

parallel of y-direction, passing through the micro beam 

centroid.  By assuming small slops in the micro beam after 

deformation and substituting of Eq. (11) into Eqs. (2) – (6), 

the non-zero components of the strain tensor, the dilation 

gradient vector, the deviatoric stretch gradient tensor, the 

stress tensor, and the higher order stress tensor can be 

derived as follows 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
− 𝑧

𝜕2𝑤

𝜕𝑥2
 (12) 

 𝛾1 =  
𝜕2𝑢

𝜕𝑥2
 − 𝑧

𝜕3𝑤

𝜕𝑥3
    ,    𝛾3 = −

𝜕2𝑤

𝜕𝑥2
 (13) 

𝜂111
(1)

=
2

5
 (

𝜕2𝑢

𝜕𝑥2
 − 𝑧

𝜕3𝑤

𝜕𝑥3
) 

 𝜂113
(1)

= 𝜂311
(1)

= 𝜂131
(1)

=
−4

15
 (

𝜕2𝑤

𝜕𝑥2
) 

𝜂122
(1)

= 𝜂133
(1)

= 𝜂212
(1)

= 𝜂221
(1)

= 𝜂313
(1)

= 𝜂331
(1)

=
1

5
 (−

𝜕2𝑢

𝜕𝑥2
+ 𝑧

𝜕3𝑤

𝜕𝑥3
) 

𝜂223
(1)

= 𝜂232
(1)

= 𝜂322
(1)

=
1

15
 (

𝜕2𝑤

𝜕𝑥2
) 

𝜂333
(1)

=
1

5
 (

𝜕2𝑤

𝜕𝑥2
) 

 

(14) 

𝜒12
𝑠 = 𝜒21

𝑠 = −
1

2

𝜕2𝑤

𝜕𝑥2
 (15) 

Also, the nonzero components of Cauchy stress tensor 

and the higher-order stress tensor can be determined as 

follows 

𝜎𝑥𝑥 = 𝐸 (
𝜕𝑢

𝜕𝑥
− 𝑧

𝜕2𝑤

𝜕𝑥2
) (16) 

𝑝1 = 2𝜇𝑙0
2  ( 

𝜕2𝑢

𝜕𝑥2
 − 𝑧

𝜕3𝑤

𝜕𝑥3
)  , 𝑝1 = −2𝜇𝑙0

2  (
𝜕2𝑤

𝜕𝑥2
) (17) 

𝜏111
(1)

 =
−4

5
𝜇𝑙1

2  (
𝜕2𝑢

𝜕𝑥2
 − 𝑧

𝜕3𝑤

𝜕𝑥3
) 

𝜏113
(1)

 = 𝜏311
(1)

 = 𝜏131
(1)

 =
−8

15
𝜇𝑙1

2  (
𝜕2𝑤

𝜕𝑥2
) 

𝜏122
(1)

= 𝜏133
(1)

= 𝜏212
(1)

= 𝜏221
(1)

= 𝜏313
(1)

= 𝜏331
(1)

=
2

5
𝜇𝑙1

2 (−
𝜕2𝑢

𝜕𝑥2
+ 𝑧

𝜕3𝑤

𝜕𝑥3
) 

𝜏223
(1)

= 𝜏232
(1)

= 𝜏322
(1)

=
2

15
𝜇𝑙1

2 (
𝜕2𝑤

𝜕𝑥2
) 

𝜏333
(1)

=
2

5
𝜇𝑙1

2 (
𝜕2𝑤

𝜕𝑥2
) 

(18) 

𝑚12
𝑠 = 𝑚21

𝑠 = −𝜇𝑙2
2 (

𝜕2𝑤

𝜕𝑥2
) (19) 

Therefore, for a uniform micro cantilever beam without 

any crack, the strain energy of the system without 

considering the effect of axial load 𝑃, can be written as 

follows  

𝜋1 =
1

2
∫ (𝜎𝑖𝑗𝜀𝑖𝑗 + 𝑝𝑖  𝛾𝑖 + 𝜏𝑖𝑗𝑘

(1)
 𝜂𝑖𝑗𝑘

(1)
+ 𝑚𝑖𝑗

𝑠  𝜒𝑖𝑗
𝑠 )

 

𝑉

𝑑𝑉

=
1

2
∫ ∫ {[𝐸𝑧2

 

𝐴

𝐿 

0

+ 𝜇 (2𝑙0
2 +

8

15
𝑙1

2 + 𝑙2
2)] (

𝜕2𝑤

𝜕𝑥2 )

2

+ [𝜇𝑧2 (2𝑙0
2 +

4

5
𝑙1

2)] (
𝜕3𝑤

𝜕𝑥3 )

2

+ 𝐸𝐴 (
𝜕𝑢

𝜕𝑥
)

+ 𝜇𝐴 (2𝑙0
2

+
4

5
𝑙1

2) (
𝜕2𝑢

𝜕𝑥2  − 𝑧
𝜕3𝑤

𝜕𝑥3 )

2

} 𝑑𝐴 𝑑𝑥 

(20) 

where 𝑉 denote the volume.  By simplifying the Eq. (20), 

and also consider an open edge crack located at a distance 𝐿𝑐 

from the left end of the micro cantilever beam, the strain 

energy of the system with considering the effect of axial load 

𝑃, can be determined as follows  
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𝜋 =
1

2
∫ {𝑄1 (

𝜕2𝑤

𝜕𝑥2 )

2

+ 𝑄1𝑁1 (
𝜕3𝑤

𝜕𝑥3 )

2

+ 𝑄2 (
𝜕𝑢

𝜕𝑥
)

2𝐿

0

+ 𝑄2𝑁1 (
𝜕2𝑢

𝜕𝑥2)

2

+ 𝑄2𝑁2 (
𝜕2𝑤

𝜕𝑥2 )

2

+ 𝛿(𝑥 − 𝐿𝑐) [𝜂1 𝑄1 (
𝜕2𝑤

𝜕𝑥2 )

2

+ 𝜂1 𝑄1𝑁1 (
𝜕3𝑤

𝜕𝑥3 )

2

+ 𝜂2 𝑄2 (
𝜕𝑢

𝜕𝑥
)

2

+ 𝜂2 𝑄2𝑁1 (
𝜕2𝑢

𝜕𝑥2)

2

+ 𝜂2 𝑄2𝑁2 (
𝜕2𝑤

𝜕𝑥2 )

2

] (
𝐿 − 𝐿𝑐

2
)}  𝑑𝑥

+ 
1

2
∫ 𝑃 [2 (

𝜕𝑢

𝜕𝑥
) + (

𝜕𝑤

𝜕𝑥
)

2

]
𝐿

0

𝑑𝑥 

(21) 

where 

𝑁1 =
1

2(1 + 𝜗)
(2𝑙0

2 +
4

5
𝑙1

2) 

𝑁2 =
1

2(1 + 𝜗)
(2𝑙0

2 +
8

15
𝑙1

2 + 𝑙2
2) 

𝑄1 = 𝐸𝐼𝑏 

𝑄2 = 𝐸𝐴 

(22) 

where 𝛿(𝑥) is Dirac delta function, 𝐼𝑏 = ∫ 𝑧2 

𝐴
𝑑𝐴 is the 

second moment of cross-section area of the micro beam 

about y-axis, and the coefficients 𝜂1 and 𝜂2 show reducing 

of cross-section area and second moment of cross-section 

area of the micro cantilever beam in crack location 𝐿𝑐 , 

respectively. It is noted that the second moment of cross-

section area for a uniform micro beam with rectangular cross 

section width 𝑏, height ℎ, is 𝐼𝑏 =  
𝑏ℎ3

12
=  

𝐴ℎ2

12
 , therefore the 

Eq. (22) can be written as follows  

𝑄1𝑁1 =
𝐸𝐼𝑏ℎ2

2(1 + 𝜗)
[2 (

𝑙0

ℎ
)

2

+
4

5
(

𝑙1

ℎ
)

2

] 

𝑄2𝑁1 =
6 𝐸𝐼𝑏

(1 + 𝜗)
[2 (

𝑙0

ℎ
)

2

+
4

5
(

𝑙1

ℎ
)

2

] 

𝑄2𝑁2 =
6 𝐸𝐼𝑏

(1+𝜗)
[2 (

𝑙0

ℎ
)

2

+
8

15
(

𝑙1

ℎ
)

2

+ (
𝑙2

ℎ
)

2

]  

(23) 

where 𝑙0 , 𝑙1, and 𝑙2 are the material length scale 

parameters which is dependent on material property and can 

be determined experimentally by some typical standard tests 

such as the micro-bend and micro-torsion. For example, the 

material length scale parameters of nickel and epoxy have 

been determined to be 5 𝜇𝑚, and 17.6𝜇𝑚, respectively 

(Fleck et al., 1994 [16]; Lam et al., 2003 [17]).  

According to the above equations, It can be seen clearly 

that in the special case 𝑙0 = 𝑙1 = 𝑙2 = 0, the obtaining 

natural frequency from governing equations is approached to 

the natural frequency values of a micro cantilever beam 

which is modeled based on the classical theory. In addition, 

when letting  𝑙0 = 𝑙1 = 0, the equations of micro cantilever 

beam are simplified to governing equations of the micro 

cantilever beam which is modeled based on the MCST. 

The kinetic energy of the system  𝑇 can also be obtained 

as follows 

𝑇 = 𝑇𝑏 + 𝑇𝑀 (24) 

where the 𝑇𝑏  and 𝑇𝑀 are the kinetic energies of the micro 

cantilever beam and the kinetic energy of the concentrated 

mass which mounted at the free end of the micro beam, 

respectively. Also, we have 

𝑇𝑏 =
1

2
∫ 𝜌𝐴 𝑟̇

𝐿 

0

. 𝑟̇ 𝑑𝑥 + 
1

2
∫ 𝜌𝐼𝑏 (

𝜕𝑤̇

𝜕𝑥
)

2𝐿 

0

𝑑𝑥 

𝑟̇ = 𝑢̇𝒊 + 𝑤̇𝒌 

(25) 

where the 𝑟̇ is velocity vector of any particle. After 

substituting and to have some simplification, and also to 

consider the kinetic energy of the concentrated mass 𝑀, the 

Eq. (24) can be rewritten as follows 

𝑇 =
1

2
∫ [𝜌𝐴(𝑢̇2 + 𝑤̇2) + 𝜌𝐼𝑏  (

𝜕𝑤̇

𝜕𝑥
)

2

] 
𝐿 

0

𝑑𝑥

+
1

2
∫ 𝛿(𝑥 − 𝐿) [𝑀(𝑢̇2 + 𝑤̇2)

𝐿 

0

+ 𝐼𝑀 (
𝜕𝑤̇

𝜕𝑥
)

2

]  𝑑𝑥   

(26) 

where 𝛿(𝑥) is Dirac delta function, and 𝑀 and 𝐼𝑀 are the 

concentrated mass and the mass moment of inertia of the 

concentrated mass 𝑀 which mounted at the free end of the 

micro beam, respectively. 

Now, Hamilton’s principle is considered to derive of 

governing equations of motion of the system as follows 

∫ 𝛿(𝑇 − 𝜋 + 𝑊) 𝑑𝑡
𝑡2

𝑡1

= 0 (27) 

where 𝛿𝑇, 𝛿𝜋 and 𝛿𝑊 are virtual variation of the kinetic 

energy, virtual variation of the strain energy, and virtual 

work done by external non-conservative forces on the 

system, respectively. For the presented system without 

external forces, the 𝛿𝑊 is equal zero. 

By substituting the Eq. (21) and (26) into (27), and then 

using variational calculus, governing equations of lateral 

vibrations of the micro cantilever beam can be obtained as 

follows 
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(𝑄1 + 𝑄2𝑁2) 
𝜕4𝑤

𝜕𝑥4 − 𝑄1𝑁1

𝜕6𝑤

𝜕𝑥6

+ (𝜂1𝑄1 + 𝜂2𝑄2𝑁2) (
𝐿 − 𝐿𝑐

2
) {

𝜕2[𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥2  
𝜕2𝑤

𝜕𝑥2

+ 2 
𝜕 [𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥   
𝜕3𝑤

𝜕𝑥3 + 𝛿(𝑥 − 𝐿𝑐) 
𝜕4𝑤

𝜕𝑥4
}

− 𝜂1𝑄1𝑁1 (
𝐿 − 𝐿𝑐

2
) {

𝜕3[𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥3  
𝜕3𝑤

𝜕𝑥3

+ 3 
𝜕2 

[𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥2  
𝜕4𝑤

𝜕𝑥4
+ 3 

𝜕 [𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥  
 
𝜕5𝑤

𝜕𝑥5

+ 𝛿(𝑥 − 𝐿𝑐) 
𝜕6𝑤

𝜕𝑥6
} −

𝜕

𝜕𝑥
[𝑃 

𝜕 𝑤

𝜕𝑥  ]

+ [𝜌𝐴 + 𝑀 𝛿(𝑥 − 𝐿)] 𝑤̈  − 𝜌𝐼𝑏

𝜕2𝑤̈

𝜕𝑥2

− 𝐼𝑀 {
𝜕[𝛿(𝑥 − 𝐿)]

𝜕𝑥
  

𝜕𝑤̈

𝜕𝑥
+ 𝛿(𝑥 − 𝐿)

𝜕2𝑤̈

𝜕𝑥2
} = 0 

(28) 

In the above equation, 𝐼𝑀, and 𝑃 denote the mass moment 

of inertia of concentrated mass 𝑀, and the axial load, 

respectively.   

Eq. (28) presents nonlinear partial differential governing 

equation of lateral vibrations of the micro cantilever beam 

subjected to an axial load, based on the MSGT with using 

Dirac delta function. Also, the classical and non-classical 

boundary conditions at each end of the micro cantilever 

beam can be written as follows  

𝑤(0, 𝑡) =
𝜕𝑤

𝜕𝑥
(0, 𝑡) = 0  

𝑄1𝑁1

𝜕3𝑤

𝜕𝑥3
(0, 𝑡) = 0  

(29) 

 

−(𝑄1 + 𝑄2𝑁2)
𝜕3𝑤

𝜕𝑥3
(𝐿+, 𝑡) + 𝑄1𝑁1

𝜕5𝑤

𝜕𝑥5
(𝐿+, 𝑡)

+ 𝑃
𝜕𝑤

𝜕𝑥
(𝐿+, 𝑡) = 0 

(𝑄1 + 𝑄2𝑁2)
𝜕2𝑤

𝜕𝑥2
(𝐿+, 𝑡) − 𝑄1𝑁1

𝜕4𝑤

𝜕𝑥4
(𝐿+, 𝑡) = 0 

𝜕2𝑤

𝜕𝑥2
(𝐿+, 𝑡) = 0 

(30) 

where 𝐿+ is the length of the micro cantilever beam plus 

a virtual length on the right side of the concentrated mass 𝑀.  

Analytical Solution of the Governing Equation  

In this section, the solution of Eq. (28) with its boundary 

conditions in Eqs. (29) and (30) are considered. To solve the 

governing equation (28), the assumed modes method is 

employed. The assumed modes method is closely tied to the 

Rayleigh-Ritz method. Actually, the discrete model obtained 

with the assumed modes method is exactly the same as the 

one obtained with the Rayleigh-Ritz method. The main 

difference between the two methods is that the Rayleigh-Ritz 

method is commonly used to solve the eigenvalue problem, 

while the assumed modes method is generally used to solve 

the vibration problem. In the assumed modes method, the 

solution of the vibration problem of the continuous system is 

assumed to be a series made up of a linear combination of 

admissible functions 𝜓𝑚 (functions of the spatial 

coordinates) multiplied by time-dependent generalized 

coordinates 𝑊𝑚 (t). Hence, for a one-dimensional continuous 

system, the assumed displacement solution is 

𝑤(𝑥, 𝑡) = ∑ 𝜓𝑚(𝑥) 𝑊𝑚

∞

𝑚=1

(𝑡)     (31) 

Where 𝜓𝑚 are known shape functions that satisfy the 

admissible geometric boundary conditions of the system and 

also the 𝑊𝑚(𝑡) are time-dependent. The shape functions 

𝜓𝑚(𝑥) = 1 − 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
), with 𝑚 = 1, 2, 3, … , are used to 

study of lateral vibrations of the cracked micro cantilever 

beam with boundary conditions Eqs. (29) and (30). 

By substituting Eq. (31) into (28), and multiplying the 

results by orthogonal related modes 𝜓𝑛(𝑥) (with 𝑛 is an 

arbitrary natural number), and then taking integration over 

the micro cantilever beam length, the obtaining result can be 

written as follows: 

∫ ∑ {[
(𝑄1 + 𝑄2𝑁2) (

𝑚𝜋

2𝐿
)

4

+𝑄1𝑁1 (
𝑚𝜋

2𝐿
)

6

+ 𝑃 (
𝑚𝜋

2𝐿
)

2] 𝑊𝑚 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

∞

𝑚=1

𝐿

0

− (𝜂1𝑄1 + 𝜂2𝑄2𝑁2) (
𝐿 − 𝐿𝑐

2
) {

𝜕2[𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥2  (
𝑚𝜋

2𝐿
)

2

+ 𝛿(𝑥 − 𝐿𝑐) (
𝑚𝜋

2𝐿
)

4

} 𝑊𝑚 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

+ 2(𝜂1𝑄1

+ 𝜂2𝑄2𝑁2) (
𝐿 − 𝐿𝑐

2
) { 

𝜕 [𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥   (
𝑚𝜋

2𝐿
)

3

} 𝑊𝑚 𝑠𝑖𝑛 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

+ 𝜂1𝑄1𝑁1 (
𝐿 − 𝐿𝑐

2
) {−

𝜕3[𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥3
 (

𝑚𝜋

2𝐿
)

3

+ 3 
𝜕 [𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥   (
𝑚𝜋

2𝐿
)

5

} 𝑊𝑚 𝑠𝑖𝑛 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

+ 𝜂1𝑄1𝑁1 (
𝐿 − 𝐿𝑐

2
) {−3 

𝜕2 
[𝛿(𝑥 − 𝐿𝑐)]

𝜕𝑥2  (
𝑚𝜋

2𝐿
)

4

+ 𝛿(𝑥 − 𝐿𝑐) (
𝑚𝜋

2𝐿
)

6

} 𝑊𝑚 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

+ [𝜌𝐴 + 𝑀 𝛿(𝑥 − 𝐿)]𝑊̈𝑚  (1 − 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
)) (1 − 𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
))

+ 𝜌𝐼𝑏 (
𝑚𝜋

2𝐿
)

2

𝑊̈𝑚 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

+ 𝐼𝑀 [
𝜕 𝛿(𝑥 − 𝐿)

𝜕𝑥
 (

𝑚𝜋

2𝐿
) ] 𝑊̈𝑚 𝑠𝑖𝑛 (

𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)

+ 𝐼𝑀 [ 𝛿(𝑥 − 𝐿) (
𝑚𝜋

2𝐿
)

2

] 𝑊̈𝑚 𝑐𝑜𝑠 (
𝑚𝜋𝑥

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝑥

2𝐿
)} 𝑑𝑥 = 0     

(32) 

The following set of infinite ordinary differential 

equations can be obtained by calculating the integrals of Eqs. 

(32), for 𝑛 = 1, 2, 3, … : 
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𝐿

2
[(𝑄1 + 𝑄2𝑁2) (

𝑛𝜋

2𝐿
)

4

+ 𝑄1𝑁1 (
𝑛𝜋

2𝐿
)

6

+ 𝑃 (
𝑛𝜋

2𝐿
)

2

] 𝑊𝑛

+ ∑ {(𝜂1𝑄1 + 𝜂2𝑄2𝑁2) (
𝐿 − 𝐿𝑐

2
) [(

𝑚𝜋

2𝐿
)

4

𝐷1

∞

𝑚=1

− (
𝑚𝜋

2𝐿
)

2

𝐷2 + 2 (
𝑚𝜋

2𝐿
)

3

𝐷3]

+ (𝜂1𝑄1𝑁1) (
𝐿 − 𝐿𝑐

2
) [3 (

𝑚𝜋

2𝐿
)

5

𝐷3 − (
𝑚𝜋

2𝐿
)

3

𝐷4

+ (
𝑚𝜋

2𝐿
)

6

𝐷1 − 3 (
𝑚𝜋

2𝐿
)

4

𝐷2]} 𝑊𝑚   

+ ∑ {𝜌𝐴𝐿 [
3

2
− (

2

𝑛𝜋
)  𝑠𝑖𝑛 (

𝑛𝜋

2
) − (

2

𝑚𝜋
)  𝑠𝑖𝑛 (

𝑚𝜋

2
)]

∞

𝑚=1

+ [
𝜌𝐼𝑏𝐿

2
(

𝑛𝜋

2𝐿
)

2

] 𝑊̈𝑛

+ 𝑀 [1 − 𝑐𝑜𝑠 (
𝑛𝜋

2
) − 𝑐𝑜𝑠 (

𝑚𝜋

2
)

+ 𝑐𝑜𝑠 (
𝑚𝜋

2
)  𝑐𝑜𝑠 (

𝑛𝜋

2
)]

+ 𝐼𝑀 [ (
𝑚𝜋

2𝐿
) (

𝑛𝜋

2𝐿
)  𝑠𝑖𝑛 (

𝑚𝜋

2
) 𝑠𝑖𝑛 (

𝑛𝜋

2
) ]} 𝑊̈𝑚 = 0  

(33) 

where 

𝐷1 = 𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
)  

𝐷2

= − (
𝑚𝜋

2𝐿
)

2

𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
)

+ 2 (
𝑚𝑛𝜋2

4𝐿2 )

 

𝑠𝑖𝑛 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑠𝑖𝑛 (

𝑛𝜋𝐿𝑐

2𝐿
)

− (
𝑛𝜋

2𝐿
)

2

𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
) 

𝐷3 = − (
𝑚𝜋

2𝐿
)

 

𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
)

+ (
𝑛𝜋  

2𝐿 
)

 

𝑠𝑖𝑛 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑠𝑖𝑛 (

𝑛𝜋𝐿𝑐

2𝐿
) 

𝐷4

= (
𝑚𝜋

2𝐿
)

3

𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
)

− (
𝑚𝜋

2𝐿
)

2

(
𝑛𝜋  

2𝐿 
)

 

𝑠𝑖𝑛 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑠𝑖𝑛 (

𝑛𝜋𝐿𝑐

2𝐿
)

− 2 (
𝑚2𝑛𝜋3

8𝐿3
)

  

𝑠𝑖𝑛 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑠𝑖𝑛 (

𝑛𝜋𝐿𝑐

2𝐿
)

+ 2 (
𝑚 𝑛2𝜋3

8𝐿3 )

  

𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
)

+ (
𝑛𝜋

2𝐿
)

2

(
𝑚𝜋  

2𝐿 
)

 

𝑐𝑜𝑠 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑐𝑜𝑠 (

𝑛𝜋𝐿𝑐

2𝐿
)

− (
𝑛𝜋

2𝐿
)

3

𝑠𝑖𝑛 (
𝑚𝜋𝐿𝑐

2𝐿
)  𝑠𝑖𝑛 (

𝑛𝜋𝐿𝑐

2𝐿
) 

(34) 

Now, from the above equation, we can calculate the 

natural frequencies of the system approximately. Therefore, 

for this proposed, for 𝑛 = 1 and 2, and with using 

linearization, the Eq. (33) can be rewritten as follows  

𝐻1𝑊̈𝑛 + 𝐻2𝑊𝑛 = 0   (35) 

where  

𝐻1 = 𝜌𝐴𝐿 [
3

2
− 2 (

2

𝑛𝜋
)  𝑠𝑖𝑛 (

𝑛𝜋

2
)] + [

𝜌𝐼𝑏𝐿

2
(

𝑛𝜋

2𝐿
)

2

]

+ 𝑀 [1 − 2 𝑐𝑜𝑠 (
𝑛𝜋

2
) + 𝑐𝑜𝑠2 (

𝑛𝜋

2
)]

+ 𝐼𝑀 [ (
𝑛𝜋

2𝐿
)

2

𝑠𝑖𝑛2 (
𝑛𝜋

2
) ] 

𝐻2

=
𝐿

2
[(𝑄1 + 𝑄2𝑁2) (

𝑛𝜋

2𝐿
)

4

+ 𝑄1𝑁1 (
𝑛𝜋

2𝐿
)

6

+ 𝑃 (
𝑛𝜋

2𝐿
)

2

]

+ (𝜂1𝑄1 + 𝜂2𝑄2𝑁2) (
𝐿 − 𝐿𝑐

2
) [(

𝑛𝜋

2𝐿
)

4

𝑐𝑜𝑠2 (
𝑛𝜋𝐿𝑐

2𝐿
) ]

− (𝜂1𝑄1𝑁1) (
𝐿 − 𝐿𝑐

2
) [(

𝑛𝜋

2𝐿
)

6

𝑐𝑜𝑠  (
𝑛𝜋𝐿𝑐

𝐿
)]    

(36) 

From Eq. (35), the natural frequencies of the cracked 

micro cantilever beam can be determined analytically for 

𝑛 = 1, 2  as follows  

𝜔𝑛 =  √
𝐻2

𝐻1

       ,      𝑓𝑜𝑟 𝑛 = 1 , 2      (37) 

where the coefficients 𝐻1 and 𝐻2 have been calculated 

from the Eq. (36). 

Calculating of Coefficients 𝜼𝟏 and 𝜼𝟐 

In this section, the coefficients 𝜂1 and 𝜂2 for a cracked micro 

beam with rectangular cross section are determined. In fact, 

the coefficients 𝜂1 and 𝜂2 show the reducing of cross-section 

area and second moment of cross-section area of the micro 

cantilever beam when occurred open edge crack or any other 

defect or flaw in the micro cantilever beam at location 𝐿𝑐 , 

respectively. For a micro cantilever beam an open edge crack 

with depth 𝑎 located at a distance 𝐿𝑐 from the left end, (see 

Fig. 2), the coefficients 𝜂1 and 𝜂2 can be derived as follows 

𝜂1 =

𝑏(ℎ − 𝑎)3

12
𝑏ℎ3

12

− 1 = (1 − 𝜂)3 − 1  

𝜂2 =
𝑏(ℎ − 𝑎)

𝑏ℎ
− 1 = −𝜂 

(38) 

where  

𝜂 =
𝑎

ℎ
 (39) 

Noted that the dimensionless coefficient 𝜂 can be varied 

between 0 to 1, for the non-cracked or thoroughly cracked 

cases, respectively. 
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Fig. 2. Cross-section of the micro cantilever beam at open edge crack location 

 

RESULTS AND DISCUSSION 

The effect of size dependency on lateral vibrations 

behavior of a cracked micro cantilever beam subjected to an 

axial load and concentrated mass at its end free is studied in 

this section. In numerical analyses, it is assumed that the 

micro cantilever beam has been made of an epoxy material 

with the following mechanical properties (kahrobaiyan, et 

al., 2011 [38]): Young's modulus E = 1.44 𝐺𝑃𝑎 , Poison’s 

ratio 𝜗 = 0.38, density 𝜌 = 1220 𝑘𝑔/𝑚3. In addition, 

following data is considered for the micro cantilever beam: 

height ℎ = 20 𝜇𝑚, width 𝑏 = 2ℎ , length 𝐿 = 20ℎ , 
concentrated mass 𝑀 = 100 × 10−6 𝑔𝑟, rotary inertia of 

concentrated mass 𝐼𝑀 = 2.5 × 10−9 (𝑔𝑟. 𝑚𝑚2) .  

First natural frequency of the cracked micro cantilever 

beam versus the open edge crack depth has been investigated 

in Fig. 3, for different values of the dimensionless material 

length  parameters 𝑙𝑖/ℎ (𝑖=1, 2, 3), at the axial load 𝑃 = 0 𝑁, 

the crack location 𝐿𝑐 = 0, the concentrated mass 𝑀 =
100 × 10−6 gr , the rotary inertia  𝐼𝑀 = 2.5 ×

10−9 (𝑔𝑟. 𝑚𝑚2), and  
𝐿

ℎ
= 20. According to Figure 3, the 

natural frequency of the system decreases as the crack depth  
increases due to the decrease in stiffness. Additionally, based 

on this figure, the natural frequency increases with the 

increase of 𝑙𝑖/ℎ. According to the relationship 37 and 36, as 

this ratio increases, the amount of H2 increases, resulting in 

a higher natural frequency value. Also, according to the Fig. 

3, it can be seen clearly when there is a thoroughly cracked 

at location 𝐿𝑐 = 0, the fundamental frequency of the system 

is equal zero. This result match with the physical sense of the 

system.   

 
Fig. 3. Variation of the first natural frequency of the micro cantilever beam 

versus crack depth for different values of the 𝒍𝒊/𝒉 parameters  

Variation of the fundamental natural frequency of the 

cracked micro cantilever beam versus the crack location 

𝐿𝑐/𝐿 has been depicted in Fig. 4, for different dimensionless 

material length scale parameters  
𝑙𝑖

ℎ
(𝑖 = 0, 1, 2), at the axial 

load 𝑃 = 0 , and the crack depth 𝜂 = 0.4. The obtained 

results indicate that as the material length scale parameters 
𝑙𝑖

ℎ
(𝑖 = 0, 1, 2) and crack location 𝐿𝑐 increase, the value of the 

first natural frequency will also increase. When the crack is 

positioned further away from the end of the micro beam, the 

reduction in stiffness caused by the crack becomes less 

significant. As a result, the natural frequency increases with 

the greater distance between the crack and the beam's end. 

By increasing the material length scale parameters, while 

keeping other conditions unchanged, a notable observation 

is that the natural frequency of the system increases. For 

instance, when the values of the 𝑙𝑖/ℎ is increased from 0 to 

X 

𝐿𝑐 

𝑎 

Cross-section of the 

micro beam at crack 

location 

𝑏 

ℎ 

Z 

Y 
𝑎 
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0.25, there is an approximate 40% increase in the natural 

frequency. 

 
Fig. 4. Variation of first natural frequency of the micro cantilever beam 

versus crack location for different values of the 𝒍𝒊/𝒉 parameters and 𝜼 =
𝟎. 𝟒 

In addition, the second natural frequency of the cracked 

micro cantilever beam versus the crack location has been 

studied in Fig. 5, for different values of the dimensionless 

material length scale parameter 𝑙𝑖/ℎ , the concentrated mass 

𝑀 = 100 × 10−6 gr, the rotary inertia  𝐼𝑀 = 2.5 ×
10−9 𝑔𝑟. 𝑚𝑚2, the crack depth  𝜂 = 0.4 , and the axial load 

𝑃 = 0 𝑁. 

The results show that the second natural frequency of the 

system will be increased by any increase of the 

dimensionless material length scale parameters 
𝑙𝑖

ℎ
(𝑖 =

0, 1, 2) , but according to second mode shape of a cantilever 

beam, values of second natural frequency of the system can 

be increased or decreased with respect to the crack location 

on the micro cantilever beam. According to the graphs in 

Fig.5, the second natural frequency has a maximum point in 

different crack location. For example, at 
𝑙𝑖

ℎ
= 1, the 

maximum value of the second natural frequency is at 
𝐿𝑐

𝐿
=

0.47. The physical reason for the maximum points of the 

graph in Fig. 5 is the co-location of the node corresponding 

to the second mode shape and the crack. Because bending 

does not happen at the node of the second mode shape of the 

cantilever beam, and the existence of a crack at that point 

will not affect it. As a result, the crack at this point will not 

reduce the natural frequency. 

 
Fig. 5. Variation of second natural frequency of the micro cantilever beam 

versus crack location for different values of the 𝒍𝒊/𝒉 parameters and 𝜼 =
𝟎. 𝟒 

The first natural frequency of the cracked micro 

cantilever beam versus the crack location 𝐿𝑐/𝐿 has been 

presented in Fig. 6, for different values of the crack depth 𝜂, 

the dimensionless material length scale parameters 
𝑙𝑖

ℎ
=

1 (𝑖 = 0, 1, 2), and 𝐿/ℎ = 20. According to the results 

presented in Figure 6, it can be observed that the first natural 

frequency of the system decreases as the crack depth 𝜂 

increases. Additionally, when the crack is located closer to 

the fixed support of the cantilever beam, the first natural 

frequency is reduced. In other words, a deeper crack and 

proximity to the fixed support both lead to a decrease in the 

system's first natural frequency. 

 
Fig. 6. Variation of first natural frequency of the micro cantilever beam 

versus crack location for different values of crack depth and 𝒍𝒊/𝒉 = 𝟏. 𝟎 
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Also, the second natural frequency behavior of the 

cracked micro cantilever beam versus the crack location  

𝐿𝑐/𝐿  has been studied in Fig. 7, for different values of the 

crack depth  𝜂 , 
𝑙𝑖

ℎ
= 1 (𝑖 = 0, 1, 2) , and 𝐿/ℎ = 20. The 

results in Fig. 7 show the behavior of the second natural 

frequency of the system with respect to the crack depth η, 

and also the crack location 𝐿𝑐. This behavior corresponds to 

the physical sense and second mode shape of the system. The 

presence of maximum and minimum points in the graph of 

Fig. 7 has a physical reason. From the physical point of view, 

the second mode shape of a cantilever beam has one node. 

The graph in Fig. 7 is drawn based on the crack location. 

When the place of the crack is located on the node of the 

second mode shape, because the cantilever beam does not 

have bending at this point, as a result, the existence of a crack 

at this point will not affect the behavior of the cantilever 

beam. In the graph of Fig. 7, the maximum point is due to the 

location of the crack on the node of the second mode shape. 

 
Fig. 7. Variation of second natural frequency of the micro cantilever beam 

versus crack location for different values of crack depth and 𝒍𝒊/𝒉 = 𝟏. 𝟎 

Variation of the first natural frequency of the cracked 

micro cantilever beam versus the crack location 𝐿𝑐/𝐿 has 

been investigated in Fig. 8, for different values of the 𝑙𝑖/ℎ 

parameters and 𝜂 = 0.4, the axial load 𝑃 = 0 , and  𝐿/ℎ =
20. It was mentioned that in the case of 𝑙𝑖 = 0, the governing 

equation is the same as the governing equation of the micro 

cantilever beam based on the classical theory. Because the 

governing equations are the same as the classical equations, 

the natural frequencies will also be equal to the natural 

frequency of the micro cantilever beam with the governing 

equation based on the classical theory. In addition, when 

𝑙0 = 𝑙1 = 0, the governing equation of lateral motion are 

simplified to a micro cantilever beam which modeled based 

on the MCST. Also, the results in Fig. 8 show that the 

fundamental natural frequency of the system will be 

decreased when the crack location is approached to fixed 

supported of the micro cantilever beam.   

 

Fig. 8. Variation of first natural frequency of the micro cantilever beam 

versus crack location for different values of the 𝒍𝒊/𝒉 parameters and 𝜼 =
𝟎. 𝟒 

Effect of the axial load values 𝑃 and also the 

dimensionless material length scale parameters 𝑙𝑖/ℎ on the 

variation of the fundamental frequency of the cracked micro 

cantilever beam have been presented in Fig. 9, for crack 

location  𝐿𝑐 = 0, and 𝜂 = 0.4 . It is noted that the negative 

values of axial load state that the axial load is in the 

compressive case. Based on the findings presented in Fig. 9, 

the numerical analysis reveals a clear trend: as the 

compressive axial load (P) increases, there is a notable 

decrease in the first natural frequency of the system. This 

phenomenon, commonly referred to as the buckling load, 

occurs when the first natural frequency approaches zero for 

the micro cantilevered beam. Understanding the implications 

of this trend is crucial for assessing the stability and 

structural behavior of micro cantilevered beams. By 

observing the relationship between the applied axial load and 

the first natural frequency, researchers gain insights into the 

critical buckling threshold. This knowledge plays a 

significant role in the design and optimization of 

microelectromechanical systems (MEMS) and related 

applications. 
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Fig. 9. Variation of first natural frequency of the micro cantilever beam 

versus axial load 𝑷 for different values of the 𝒍𝒊/𝒉 parameters, crack 

location  𝑳𝒄 = 𝟎, and 𝜼 = 𝟎. 𝟒 

Variation of first and second natural frequencies of the 

cracked micro cantilever beam versus the dimensionless 

material length scale parameter 
𝑙𝑖

𝑅
 (𝑖 = 0, 1, 2) = 𝑙/ℎ  have 

been depicted in Figs. 10 and 11, respectively, for different 

values of micro beam length 𝐿/ℎ , crack location 𝐿𝑐 = 0, 

crack depth  𝜂 = 0.4 , and axial load 𝑃 = 0. 

 

Fig. 10. Variation of first natural frequency of the micro cantilever beam 

versus the dimensionless material length scale parameter 𝒍/𝒉  for different 

values of micro beam length 𝑳/𝒉  , crack location 𝑳𝒄 = 𝟎, and 𝜼 = 𝟎. 𝟒 

 
Fig. 11. Variation of second natural frequency of the micro cantilever 

beam versus the dimensionless material length scale parameter 𝒍/𝒉  for 

different values of micro beam length 𝑳/𝒉  , crack location 𝑳𝒄 = 𝟎, and 

𝜼 = 𝟎. 𝟒 

Variation of the first natural frequency of the cracked 

micro cantilever beam versus the dimensionless material 

length scale parameters 
𝑙𝑖

ℎ
 (𝑖 = 0, 1, 2) =  

𝑙

ℎ
 , have been 

depicted in Fig. 12, for different values of crack location 

𝐿𝑐/ℎ , at axial load 𝑃 = 0 𝑁 , crack depth and 𝜂 = 0.4 , and 
𝐿

ℎ
= 20 .  

 
Fig. 12. Variation of first natural frequency of the micro cantilever beam 

versus the dimensionless material length scale parameter 𝒍/𝒉  for different 

values of crack location 𝑳𝒄/𝒉  , and 𝜼 = 𝟎. 𝟒 

At final, the fundamental natural frequency of the 

cracked micro cantilever beam versus the concentrated mass 

𝑀 and rotary inertia 𝐼𝑀 , has been presented in Fig. 13, for 

different values of the crack depth 𝜂, and crack location 𝐿𝑐 =
0. 
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Fig. 13. Variation of first natural frequency of the micro cantilever beam 

versus concentrated mass 𝑴, for different values of crack depth 𝜼 , and 

crack location 𝑳𝒄 = 𝟎 

Verification 

The finite element method was employed to validate the 

analytical calculations in this study. A finite element 

simulation was conducted using Abacus software, focusing 

on a special case involving a zero material length scale 

parameters. The simulation result for the first mode is 

illustrated in Figure 14. By comparing these obtained 

findings with those in Figure 4, a comprehensive comparison 

is presented in Table 1. Importantly, the results of the finite 

element model and numerical simulation exhibit satisfactory 

convergence. 

 

Fig. 14. Finite element model the open edge cracked micro cantilever 

beam for 
𝒍𝒊

𝒉
= 𝟎  

Table 1. Comparison of finite element model and analysis results of open 

edge cracked micro cantilever beam for 
𝒍𝒊

𝒉
= 𝟎 

𝑳𝒄/𝑳 𝝎𝟏(𝑨) 𝝎𝟏(𝑭𝑬) Error (%) 

0.2 470 457 2.7 

0.5 530 496 6.4 

0.8 580 524 9.6 

SUMMARY AND CONCLUSION 

This study focuses on a cracked micro cantilever beam with 

a concentrated mass under axial load. It investigates the 

influence of size effects on the lateral vibrations of the micro 

beam. The governing equations of motion are derived using 

the non-classical theory of MSGT (modified strain gradient 

theory). The assumed modes approach is employed to 

transform the equations into a set of ordinary differential 

equations. Analytical calculations based on the MSGT are 

used to determine the first and second natural frequencies of 

the cracked micro cantilever beam. A simplified model for 

an open edge crack utilizing the Dirac delta function is 

proposed. To investigate the system's characteristics, 

numerical simulations were performed. These simulations 

specifically focused on exploring the natural frequencies of 

the system under various parameter values. 

The results indicated several significant conclusions, 

including: 

• The natural frequency of the system decreases as the 

crack depth increases due to the decrease in stiffness 

caused by the crack. 

• The first natural frequency increases as the material 

length scale parameters (l₀/h, l₁/h, l₂/h) and crack location 

(Lc) increase. When the crack is positioned further away 

from the end of the micro beam, the reduction in stiffness 

caused by the crack becomes less significant, resulting in 

higher natural frequencies. 

• The second natural frequency of the system can be 

increased or decreased depending on the crack location 

with respect to the second mode shape of the cantilever 

beam. If the crack is located at a node of the second mode 

shape where there is no bending, it does not significantly 

affect the behavior of the beam. 

These findings provide insights into the behavior of 

micro cantilever beams with cracks and the impact of size 

effects. The study's results have practical implications for 

designing and analyzing such systems while considering 

crack position, depth, material length scale parameters, 

concentrated mass, axial load, and beam length. 
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